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The existence of solutions to an ordinary discontinuous differential equation and
the dependence of solutions on the right-hand side are investigated in this paper.
w  . xTwo main results of D. Biles Trans. Amer. Math. Soc. 339 1993 , 507]522 are
proved under weaker assumptions. Q 1996 Academic Press, Inc.
1. INTRODUCTION
In this paper, we consider the initial value problem of the form
w xx9 0 s f t , x t , a.e. in 0, 1 , .  . .
x 0 s 0, .
w xwhere f : 0, 1 = R ª R.
The case of autonomous system in R, i.e., f does not depend on t, was
w xcompletely solved in 2 . A necessary and sufficient condition for the
existence of solutions is given there. One can study the existence of
w xsolutions for f involving both variables t and x. In 1 , Biles proved it
under the following conditions:
 .P1 f is bounded;
 .  .P2 f ?, x is measurable for each x;
 .  .  .  .P3 lim sup f t, y F f t, x s lim f t, y , for each x and almost
yx xy ­ x
all t.
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However, the following example shows that this result cannot be ap-
w xplied. Let us define f : 0, 1 = R ª R as follows:
1
f t , x s 1, if t g 0, 1 and x s , n s 1, 2, . . . . 
n
f t , x s 1, if t g 0, 1 and x ) 1, . 
f t , x s 0, if t s 0 or t g 0, 1 and x F 0, . 
1 1 1
f t , x s 0, if t g 0, 1 and x s q , n s 1, 2, . . . .   /2 n n q 1
2n q 1 1
f t , x is linear in x for t g , .
2n n q 1 n .
1 2n q 1
and t g ,
n q 1 2n n q 1 .  .
 x  .  .For each t g 0, 1 , lim f t, y does not exist, so P3 does not hold.y x 0
 .  .   ..Obviously, x s 0 is the solution of x 0 s 0, x9 t s f t, x t .
We have used a different approach to the problem. It is based on the
theory of measure and the theory of differential inequalities. We weaken
 .  .  .the conditions P1 and P3 . Namely, we replace P1 by the inequality
<  . <  .f t, x F M t , satisfied for each x and almost all t, where M is an
 .integrable function; and P3 by the inequality
lim sup f t , y F f t , x s lim inf f t , y , .  .  .
yx xy ­ x
satisfied for each x and almost all t.
Next, we study the continuous dependence of maximal solution on f in
w xthe Gihman sense; see 3, 1 . We prove it for our class of functions under a
stronger assumption; i.e., we need f to be right continuous in x. The
different approach we have used results in a much simpler proof of the
w xTheorem 2 of 1 . Finally, we give an example showing that there is no
continuity dependence without right continuity in x.
2. EXISTENCE
w xTHEOREM 1. Let f : 0, 1 = R ª R satisfy the following conditions:
 .  . w xa for all x g R, f ?, x : 0, 1 ª R is measurable;
 . w xb for almost all t g 0, 1 and all x g R,
< <f t , x F M t , .  .
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w x w xwhere M: 0, 1 ª 0, ` is integrable;
 . w xc for almost all t g 0, 1 and all x g R,
lim sup f t , y F f t , x s lim inf f t , y . .  .  .
yx xy ­ x
w xThen, there exist minimal and maximal solutions x , x : 0, 1 ª R to they q
 .following initial ¨alue problem IVP :
x 0 s 0 .
and
x9 t s f t , x t , .  . .
w xalmost e¨erywhere in 0, 1 .
Proof. We will prove the existence of the maximal solution. Although
 .condition c is not symmetric, the existence of the minimal solution can be
proved similarly. The rather long proof will be divided into five steps.
w xStep I. We claim that for any continuous function x: 0, 1 ª R and for
any e G 0 the function
w x0, 1 2 t ¬ inf f t , x t q r . .
w xrg 0, e
  .. w xis measurable. In particular, f ?, x ? is measurable if x: 0, 1 ª R is
continuous.
w xWe begin with e s 0. Fix continuous x: 0, 1 ª R. For each n g N we
shall denote by S the following set of step functions. We say that u:n
w .0, 1 ª R belongs to S if u assumes only rational values,n
1
x t F u t F x t q , .  .  .
n
w .for all t g 0, 1 , and there exists k g N, such that u is constant on every
interval
1 1 2 k y 1
0, , , , ? ? ? , , 1 ./ / /k k k k
 .It is easy to check, that for each n g N, for all t g 0, 1 , and for each
  .  . .  .rational w g x t , x t q 1rn there exists u g S , such that u t s w .0 n 0
 .Observe that for almost all t g 0, 1 we have
f t , x t s lim inf f t , u t . 1 .  .  . .  .
nª` ugSn
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 .  .Indeed, fix t g 0, 1 for which condition c holds. There exists a sequence
  .  . .y g x t , x t q 1rn , n g N, such thatn
f t , x t s lim f t , y . .  . . n
nª`
For each n g N we have
lim sup f t , y F f t , y . .  .n
y­ yn
  . .Hence, for each n g N, there exists a rational w g x t , y , such thatn n
1
f t , w F f t , y q . .  .n n n
 .Choose u g S , to satisfy the equality u t s w . Sincen n n n
1
inf f t , u t F f t , u t s f t , w F f t , y q , .  .  .  . .  .n n n nugSn
we have
lim inf f t , u t F lim inf f t , u t F f t , x t . .  .  . .  . .n
nª` nª`ugSn
Now, the obvious inequality
lim inf f t , u t G lim inf f t , y s f t , x t , .  .  . .  .
nª` nª`   .  . .ugS yg x t , x t q1rnn
 .yields 1 .
 .   .. `By a , f ?, u ? is measurable for each u g D S . Thus, the functionns1 n
f ?, x ? s lim inf f ?, u ? .  . .  .
nª` ugSn
is measurable as well since D` S is a countable set.ns1 n
w x w xNow let us fix e ) 0 and a continuous x: 0, 1 ª R. Let t g 0, 1 be
 .such that c holds. We have
inf f t , x t q r s inf f t , x t q w , .  . .  .
w x w xrg 0, e wg 0, e lQ
where Q denotes the set of all rational numbers. Indeed, choose a
 4` w xsequence r ; 0, e to satisfyi is1
inf f t , x t q r s lim f t , x t q r , .  . .  .i
w x tª`rg 0, e
Since, for each i g N, we have
lim sup f t , y F f t , x t q r .  . .i
 .y ­ x t qri
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w xit follows that for each i g N there exists w g 0, r l Q satisfyingi i
inequality
1
f t , x t q w y F f t , x t q r . .  . .  .i ii
Hence
inf f t , x t q r s lim f t , x t q r .  . .  .i
w x iª`rg 0, e
1
G lim inf f t , x t q w y . .i /iiª`
s lim inf f t , x t q w , . .i
iª`
which implies that
inf f t , x t q r s inf f t , x t q w . .  . .  .
w x w xrg 0, e wg 0, e lQ
  . .Since, for any w g Q, f ?, x ? q w is measurable it follows that the
function
w x0, 1 2 t ¬ inf f t , x t q r . .
w xrg 0, e
is measurable. The claim is proved.
w xStep II. If F ; 0, 1 is a Lebesgue measurable set then
w xm t , t l F .0
lim s 1 2 .
t y ttx t0 0
and
1
lim M t dt s 0, 3 .  .Hw xm t , t l Ftx t w x . t , t _F0 0 0
for almost all t g F, where m denotes the Lebesgue measure in R.0
 .Condition 2 follows from the Lebesgue density theorem. In order to
 . w x w xprove 3 let us define M : 0, 1 ª 0, ` by the formula0
M t , if t f F , .M t s .0  0, if t g F .
Clearly, M is integrable. Therefore, by the well-known Lebesgue theorem0
w xon the differentiation of the integral, for almost all t g 0, 1 , we have0
1
lim M t dt s M t . .  .H 0 0 0t y ttx t w xt , t0 0 0
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Hence, for almost all t g F, with t being a density point of F,0 0
1
0 F lim M t dt .Hw xm t , t l Ftx t w x . t , t _F0 0 0
t y t 10s lim M t dt s M t s 0. .  .H 0 0 0w xm t , t l F t y ttx t w x . t , t _F0 0 0 0
w xStep III. Denote by X the set of all functions x: 0, 1 ª R satisfyingq
the following conditions:
x 0 s 0; 4 .  .
t
< <x t y x s F M t dt ; 5 .  .  .  .H H
s0FsFtF1
t
x t y x s F f t , x t dt . 6 .  .  .  . .H H
s0FsFtF1
Then, X / B,q
 4x , y g X « max x , y g Xq q
 4`and for any non-decreasing sequence x ; X we haven ns1 q
lim x g X .n q
nª`
w xOf course, x: 0, 1 ª R given by the formula
t
x t s y M t dt , .  .H
0
belongs to X .q
 .By the Lebesgue differentiation theorem mentioned above, condition 6
can be replaced by the inequality
x9 t F f t , x t , 7 .  .  . .
w x  4satisfied almost everywhere in 0, 1 . For x, y g X and z s max x, y letq
  .  .4   .  .4A s t : x t ) y t and B s t : x t F y t . A and B are measurable
w x w xsubsets of 0, 1 , A l B s B, and A j B s 0, 1 . Moreover, x9 s z9 for
  .almost all t g A and y9 s z9 for almost all t g B, since the set t : x t s
 .  .  .4y t n x9 t ) y9 t is at most countable. Therefore, for almost all t g
w x0, 1 , we have
z9 t F f t , z t . .  . .
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 4`Choose x ; X to be non-decreasing sequence and setn ns1 q
x s lim x .n
nª`
 .  . w xIt follows immediately that x satisfies 4 and 5 . Fix s, t g 0, 1 , with
 .0 F s F t F 1. Then, making use of c and applying the Fatou lemma, we
obtain
t
x t y x s s lim x t y x s F lim sup f t , x t dt .  .  .  .  . .  .Hn n n
nª` snª`
t t
F lim sup f t , x t dt F f t , x t dt , .  . . .H Hn
s snª`
 .so that x satisfies 6 .
w xStep IV. Let, for each t g 0, 1 ,
x t s sup x t . .  .q
xgXq
Then x g X .q q
By the previous step, it suffices to show, that x is the limit of aq
non-decreasing sequence of elements of X . We shall construct such anq
w xsequence. For each t g 0, 1 we define
t
x t s y M t dt . .  .H1
0
Assume that x , x , . . . , x g X have been already defined. For every1 2 ny1 q
 4i g 0, . . . n y 1 choose y g X to satisfy the inequalitiesi q
i 1 i i
x y F y F x ,q i q /  /  /n n n n
and define
 4x s max x , y , . . . , y .n ny1 0 ny1
 4`It is clear that x g X and x is non-decreasing.n q n ns1
 4 wNow, let us fix n g N and i g 0, . . . , n y 1 . For each t g irn,
 . xi q 1 rn we have
0 F x t y y t .  .q i
i i i i
F x y y q x t y x q y t y y .  .q i q q i i /  /  /  /n n n n
1 1t  .iq1 rnF q 2 M t dt F q 2 M t dt . .  .H Hn nirn irn
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w xHence, for all t g 0, 1 , we have
1  .iq1 rn
0 F x t y x t F q 2 max M t dt ª 0 .  .  .Hq n n nª` 4ig 0, . . . ny1 irn
since the set function
E ¬ M t dt .H
E
is absolutely continuous with respect to the Lebesgue measure m.
Step V. Our last claim is
xX t s f t , x t , .  . .q q
w xalmost everywhere in 0, 1 .
  ..Suppose the assertion to be false. Since x g X and f ?, x ? isq q q
 .  .  .measurable, by 7 , there exists a set E ; 0, 1 , with m E ) 0, such that
xX t - f t , x t , 8 .  .  . .q q
 .  .for all t g E. We can also assume that b and c hold in E. We are going
 .to prove that there exists F ; E, with m F ) 0, a ) 0, and m g N, such0
that
t g F « f t , x t y 4a ) xX t ; 9 .  .  . .q q
t g F « inf f t , x t q r G f t , x t y a . 10 .  .  . .  .q q
w xrg 0, 1rm0
For each k g N we put
4
XE s t g E : f t , x t y ) x t . .  . .k q q 5k
 . `Since E , k g N, is measurable, m E ) 0 and E s D E , there existsk ks1 k
 .k g N, such that m E ) 0. Now, for each m g N, we define0 k 0
1
F s t g E : inf f t , x t q r G f t , x t y . .  . .  .m k q q0 5kw xrg 0, 1rm 0
It follows from Step I that for all m g N, F is measurable. Moreover, bym
 . `  .c , we have E s D F . Since m E ) 0 there exists m g N suchk ms1 m k 00 0
 .that m F ) 0. Takingm0
1
F s F and a s ,m0 k0
 .  .we obtain 9 and 10 .
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 .Since m F ) 0, by Step II, there exist t g F and d ) 0 such that0
1
w xm t , t l F G t y t , 11 .  . .0 02
2
M t dt F a , 12 .  .Hw xm t , t l F w x . t , t _F0 0
and
1tqd
2 M t dt F , 13 .  .H mt 00
 . w x w xfor all t g t , t q d . For t g t , 1 define ¨ : 0, 1 ª R by the formula0 0 0
xX t q 3a , if t g F l t , t q d , .  .q 0 0¨ t s .  yM t , if t f F l t , t q d .  .0 0
w xand y: t , 1 ª R, by the formula0
t
y t s x t q ¨ s ds. .  .  .Hq 0
t0
 .  .By 10 , for t g F l t , t q d , we have0 0
M t ) M t y a G f t , x t y a ) xX t q 3a s ¨ t .  .  .  .  . .q q
s xX t q 3a G yM t q 3a ) yM t , .  .  .q
w x   ..and for t g t , 1 _ F l t , t q d ,0 0 0
yM t s ¨ t F M t . .  .  .
Therefore, for t F s F t F 1,0
t t t
< < < <y t y y s s y9 t dt F y9 t dt F M t dt . .  .  .  .  .H H H
s s s
 .  .It follows from 13 that for any t g t , t q d we have0 0
1t tXy t y x t s y9 s y x s ds F 2 M s ds F . 14 .  .  .  .  .  . .H Hq q mt t 00 0
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 .  .  .According to definition of ¨ and 11 and 12 , for t g t , t q d , we0 0
obtain
t
y t s x t q ¨ s ds s x t q ¨ s ds q ¨ s ds .  .  .  .  .  .H H Hq 0 q 0
w x w xt t , t lF t , t _F0 0 0
s x t q xX s q 3a ds y M s ds .  .  . .H Hq 0 q
w x w xt , t lF t , t _F0 0
X w xs x t q x s ds q 3am t , t l F y M s ds .  .  . .H Hq 0 q 0
w x w xt , t lF t , t _F0 0
X X w xs x t q x s ds y x s ds q 3am t , t l F .  .  .  .H Hq 0 q q 0
w x w xt , t t , t _F0 0
y M s ds .H
w xt , t _F0
X w xs x t y x s ds q 3am t , t l F y M s ds .  .  . .H Hq q 0
w x w xt , t _F t , t _F0 0
w xG x t q 3am t , t l F y 2 M s ds .  . . Hq 0
w xt , t _F0
2
w xs x t q m t , t l F 3a y M s ds .  . . Hq 0  /w xm t , t l F w x . t , t _F0 0
w xG x t q 2am t , t l F G x t q a t y t . .  .  . .q 0 q 0
 .Thus, for t g t , t q d ,0 0
y t G x t q a t y t ) x t . .  .  .  .q 0 q
 .On the other hand, by 14 ,
1
y t y x t F , .  .q m0
 .  .  .for t g t , t q d . Therefore, by 9 and 10 , for almost all t g F l0 0
 .t , t q d ,0 0
y9 t s ¨ t s xX t q 3a - f t , x t y a F f t , y t , .  .  .  .  . . .q q
w x   ..and for almost all t g t , 1 _ F l t , t q d ,0 0 0
y9 t s ¨ t s yM t F f t , y t . .  .  .  . .
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w xThen, the function x: 0, 1 ª R given by the formula
w xx t , if t g 0, t , .q 0x t s .  w xy t , if t g t , 1 , . 0
 .  .  .belongs to X and satisfies the inequality x t ) x t , for t g t , t q d .q q 0 0
This contradicts the definition of x .q
It follows from the definition of the solution x that it is the maximalq
one.
3. CONTINUOUS DEPENDENCE
 .One can study continuous dependence of solutions of IVP on f.
Several concepts of such dependence arise in the literature. The detailed
w x w xdiscussion can be found in 1 and 4, Chap. 2, Sect. 8 . Now we prove
w xTheorem 2 of 1 under slightly weaker assumptions. However, we must
assume a little bit more than in Theorem 1.
w x w xTHEOREM 2. Let f : 0, 1 = R ª R, n g N, and f : 0, 1 = R ª Rn
  ..satisfy the assumptions of Theorem 1 with the same function M ? and let f
be continuous from the right. Suppose that x is a solution to the initial ¨aluen
problem
xX t s f t , x t , x 0 s 0, n g N, .  .  . .n n n n
w x w xand for any a, b ; 0, 1 ,
b
lim sup sup f t , x y f t , x dt F 0. 15 4 .  .  .H n
anª` xgR
Then,
lim sup max x t y x t F 0. 4 .  .n q
w xtg 0, 1nª`
Proof. Let us note first that
t ¬ sup f t , x y f t , x 4 .  .n
xgR
is a measurable function, which can be proved analogously as in Step I in
 .the proof of Theorem 1. Thus assumption 15 makes sense. Without loss
of the generality we may assume that x is convergent to a continuousn
w xfunction x : 0, 1 ª R because of the equicontinuity of all x , n g N. Let0 n
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 .us fix arbitrary 0 F s F t F 1 and e ) 0. It follows from 15 that there
exists m g N such that
t
sup f t , x y f t , x dt F e , 4 .  .H n
s xgR
for all n G m. Thus, for n G m,
t t
f t , x t dt F f t , x t dt q e . .  . .  .H Hn n n
s s
 .Since f satisfies condition c and is continuous from the right, by the
Fatou lemma, we obtain
t
x t y x s s lim x t y x s s lim f t , x t dt .  .  .  .  . .  .H0 0 n n n n
nª` nª` s
t
F lim sup f t , x t dt q e . .H n
snª`
t
F lim sup f t , x t dt q e . .H n
s nª`
t
F f t , x t dt q e . . .H 0
s
Then we have just proved that
t
x t y x s F f t , x t dt , .  .  . .H0 0 0
s
for all 0 F s F t F 1 since e was arbitrarily chosen. Therefore, x g X ,0 q
see Step III in the proof of Theorem 1, which implies the inequality
x F x .0 q
 .The condition c suffices for the existence of solutions but it does not
for the above continuous dependence.
EXAMPLE. For each n g N and each t G 0 define
1
2x t s 1 q t .n 2 /2 n q 1 .
w x w xand define f : 0, 1 = R ª y1, 2 , by the following formulas:
w x 20, if t s 0 or t g 0, 1 and x F t ,
f t , x s . 5 5 2 t y 1, if t g 0, 1 and x G t .2 4
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 xNext, for t g 0, 1 and each n g N, let us set
x t q x t .  .n nq1
f t , x s 0, if x s , .
2
1 1
f t , x s 2 1 q t y , if x s x t , .  .n2 / n2 n q 1 .
2 x y x t y x t .  .nq1 n
f t , x s f t , x t , .  . .nq1x t y x t .  .nq1 n
x t q x t .  .n nq1
if x t F x F , .nq1 2
2 x y x t y x t .  .nq1 n
f t , x s f t , x t , .  . .nx t y x t .  .n nq1
x t q x t .  .n nq1
if F x F x t . .n2
 x 2  . 2For all t g 0, 1 , if x / t , then f t, ? is continuous in x. If x s t , then
lim sup f t , y s 0 s f t , x .  .
y­ x
and
lim inf f t , y s 0 s f t , x .  .
yx x
because
x t q x t .  .n nq12 2t - ª t s x ,
2 nª`
x t q x t .  .n nq1
f t , s 0, /2
 .  .  .for each n g N, and f t, x G 0 if x t F x F x t and n is sufficientlynq1 n
large.
 . w xSince f t, x F 2 t for all t g 0, 1 and all x g R then, for any absolutely
w xcontinuous x: 0, 1 ª R satisfying the Cauchy Problem
x9 t s f t , x t , x 0 s 0, .  .  . .
 . 2it should be x t F t . Thus there exists the only one zero solution x ' 0q
 . w x 2to this problem since we have f t, x s 0, for all t g 0, 1 and x F t .
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1Now, let us consider the sequence f s f q , n g N. Of course, for anyn n
w x w xa, b ; 0, 1 ,
b y ab
lim sup sup f t , x y f t , x dt s lim s 0. 4 .  .H n nnª`anª` xgR
However, it can be seen easily that
1 1
Xx t s 2 1 q t s f t , x t q s f t , x t , .  .  . .  .n n n n /n n
but
1
2lim max x t y x t s lim max 1 q t s 1. 4 .  .n q  5 /nnª` nª`w x w xtg 0, 1 tg 0, 1
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